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Quantum measurements based on mutually unbiased bases are commonly used in quantum information
processing, as they are generally viewed as being maximally incompatible and complementary. Here we
quantify precisely the degree of incompatibility of mutually unbiased bases (MUB) using the notion of
noise robustness. Specifically, for sets of k MUB in dimension d, we provide upper and lower bounds on
this quantity. Notably, we get a tight bound in several cases, in particular for complete sets of k ¼ dþ 1
MUB (using the standard construction for d being a prime power). On the way, we also derive a general
upper bound on the noise robustness for an arbitrary set of quantum measurements. Moreover, we prove the
existence of sets of k MUB that are operationally inequivalent, as they feature different noise robustness,
and we provide a lower bound on the number of such inequivalent sets up to dimension 32. Finally, we
discuss applications of our results for Einstein-Podolsky-Rosen steering.
DOI: 10.1103/PhysRevLett.122.050402
Introduction.—Contrary to classical physics, different
measurements in quantum mechanics can be incompatible,
meaning that one cannot have access to their results
simultaneously. Incompatible measurements thus provide
complementary information about a quantum system.
Motivated by the question of finding the measurements
that are “maximally incompatible,” Schwinger and others
[1–4] discussed the concept of mutually unbiased (bases)
measurements.
Formally, in a complex Hilbert space of dimension d,
two orthonormal bases fjφaiga¼1;…;d and fjψbigb¼1;…;d are
called mutually unbiased if
jhφajψbij ¼
1ﬃﬃﬃ
d
p ð1Þ
for all a and b. That is, if a system is prepared in any
eigenstate of one of the bases, then performing a meas-
urement in the other basis gives a uniformly random
outcome. These bases can thus be considered “maximally
noncommutative” and “complementary” [1].
It is then natural to look for sets of kmeasurements, such
that all pairs are mutually unbiased [2]. In the simplest case
of qubits (d ¼ 2), there are three mutually unbiased bases
(MUB) that are given by the eigenstates of the three Pauli
observables. In arbitrary dimension d, however, the con-
struction of MUB is a difficult task. It is proven that
k ≤ dþ 1 [5], and an explicit construction of complete sets
of k ¼ dþ 1MUB is only known when the dimension is a
power of a prime, i.e., d ¼ pr with p prime and r positive
integer [4]. A long-standing open problem is to determine
the maximal number of MUB in the case d ¼ 6, which is
conjectured to be k ¼ 3 [6,7].
More generally, MUB play a central role in quantum
information processing [8], and have been used in a wide
range of applications such as quantum tomography [2,4],
uncertainty relations [3,9,10], quantum key distribution
[11,12], quantum error correction [13], as well as for
witnessing entanglement [14–19] and more general forms
of quantum correlations [20–22]. MUB also have strong
links to other mathematical structures [23] such as finite
projective planes [24,25] or orthogonal Latin squares [26].
Given the general significance of MUB, it is important to
characterize their properties. While MUB represent intui-
tively the most incompatible quantum measurements, the
goal of the present work is to precisely quantify the degree
of incompatibility of arbitrary sets of MUB. As a measure
of incompatibility we determine the noise robustness
[27–30], namely, the minimal amount of white noise
required to make a given set of k MUB in dimension d
jointly measurable [31–37], i.e., compatible. We derive
upper and lower bounds on this quantity for any k and d.
Notably, we obtain tight bounds in many cases, in par-
ticular, for k ¼ d and k ¼ dþ 1 by using the standard
construction of Ref. [4] when d is a prime power. On the
way, we also derive a general upper bound on the noise
robustness for an arbitrary set of quantum measurements.
Moreover, these results highlight some interesting prop-
erties of MUB. In particular, we find that there exist
operationally inequivalent sets of MUB, in the sense that
they feature a different noise robustness. Lower bounds on
the number of inequivalent sets are obtained for k ≤ 8 and
d ≤ 32. In fact, we observe that this phenomenon becomes
generic in high dimensions. Finally, our results also have
direct implications for Einstein-Podolsky-Rosen steering
[38]. Exploiting the strong connection existing between
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joint measurability and steering [39–41], we characterize
the noise robustness of a broad class of entangled states in
steering experiments.
Preliminaries.—We consider sets of general quantum
measurements, i.e., positive operator valued measures
(POVMs). A POVM is a collection of positive-semidefinite
operators summingup to identity; given a state ρ and a POVM
fAaga, the probability of getting outcome a is then
pðaÞ ¼ trAaρ. Our main focus will be to determine whether
sets of POVMs (mostly noisy MUB) are compatible or not.
Note that the usual notion of commutativity, used for the case
of projectivemeasurements, is inadequate for general POVMs
[42]. Instead we use the notion of joint measurability [31,32].
Specifically a set of POVMs is jointly measurable if there
exists a parent POVM from which each POVM of the set
can be recovered by taking the marginals. This implies that,
for any state ρ, the statistics of all POVMs in the original set
can be recovered by first measuring the parent POVM, and
then classically postprocessing the result. Formally, for a
set of k POVMs ffAajxgagx¼1;…;k, joint measurability is
ensured by the existence of a POVM fGj⃗½kgj⃗½k such thatX
j1 ;…;jx−1
jxþ1 ;…;jk
Gj1;…;jx−1;a;jxþ1;…;jk ¼
X
j⃗½k
δjx;aGj⃗½k ¼ Aajx: ð2Þ
Here and in the following, the notation j⃗½k, often abbre-
viated j⃗ if k is clear in the context, means j1;…; jk.
Beyond this dichotomy of compatible vs incompatible, it
is interesting to quantify how incompatible a set of POVMs
is. A general way to do so consists in mixing each POVM
of the set with white noise. This defines a new set of noisy
POVMs, where each POVM element is given by
Aηajx ¼ ηAajx þ ð1 − ηÞtrAajx
1
d
: ð3Þ
Physically, for rank-one projective measurements, this
amounts to performing the measurement Aajx with prob-
ability η, and outputting at random with probability 1 − η.
By adding more and more noise to a set of incompatible
POVMs, it is intuitive that it will eventually become jointly
measurable. Indeed, when η ¼ 0, only white noise remains
so that joint measurability is ensured. The critical parameter
η at which the transition occurs is the noise robustness, a
meaningful incompatibility quantifier [27,29,30].
General upper bound.—First we consider a general set
of k POVMs ffAajxgagx. Its noise robustness η can be
expressed as the following semidefinite program (SDP)
[27]; see also Ref. [43].
η ¼ max
η;fGj⃗gj⃗
η
s:t:
X
j⃗
δjx;aGj⃗ ¼ Aηajx ∀ a; x;
Gj⃗ ≥ 0 ∀ j⃗; η ≤ 1: ð4Þ
This formulation is well known and has already been
studied numerically, even with MUB [44]. Nonetheless,
since we want analytical results, we make use of a powerful
tool used to study SDP, namely, duality theory. Every SDP
admits a dual program whose solution is greater than (weak
duality) or equal to (strong duality) the primal one [45]. In
our case, the dual formulation of Eq. (4) is
η ¼ min
fXajxga;x
1þ tr
X
a;x
XajxAajx
s:t: 1þ tr
X
a;x
XajxAajx ≥
1
d
X
a;x
trAajxtrXajx;
X
a;x
δjx;aXajx ≥ 0 ∀ j⃗; ð5Þ
where Xajx are new (dual) variables. The equality with η is
ensured since strong duality holds in our case (see Sec. I of
Supplemental Material [46] for details).
Importantly, from Eq. (5) it is then clear that the value of
1þ trPa;xXajxAajx corresponding to any fXajxga;x that
satisfies the constraints is an upper bound to η. In
Sec. I of Supplemental Material [46], we show that the
following variables satisfy and saturate the constraints
Xajx ¼
λ
k 1 − AajxP
a0;x0

trA2a0jx0 −
1
d ðtrAa0jx0 Þ2
 ; ð6Þ
where
λ ¼ max
j⃗
kSj⃗k∞ and Sj⃗ ¼
Xk
x¼1
Ajxjx: ð7Þ
This gives rise to the following bound on the noise
robustness
η ≤
λ −
P
a;x

trAajx
d

2
P
a;x
htrA2
ajx
d −

trAajx
d

2
i ¼ ηup: ð8Þ
When ffAajxgagx are rank-one projective measurements,
this further simplifies to
ηup ¼
λ − kd
k − kd
: ð9Þ
Upper bound for MUB.—Notably, the bound (9) is also
valid for projective measurements on k MUB. Since there
are dk (i.e., exponentially many) operators Sj⃗ to check in
the definition (7) of λ, this becomes computationally
intractable very quickly. A way to get a quick estimate
of ηup is to use a bound on the norm of sums of projectors
from Ref. [20]. In our case, thanks to the relation (1), we get
λ ≤ 1þ ðk − 1Þ= ﬃﬃﬃdp which gives
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ηup ≤
ﬃﬃ
d
p
k þ 1ﬃﬃﬃ
d
p þ 1 : ð10Þ
This simple expression is, however, rarely tight.
Note that to derive the bound (10), the only assumption
used is the unbiasedness (1). Later, we also derive a lower
bound based only on this hypothesis. However, in general,
this alone is not sufficient to fix the value of η. Indeed, as
we will show below, inequivalent sets of MUB can have
different η. Thus to go further than only bounding η, we
will use explicit sets of MUB.
Tightness for specific MUB.—Here we exploit a specific
implementation of MUB to analytically and numerically
investigate the behavior of the noise robustness η and the
performance of the upper bound ηup. Since the construction
of complete sets of MUB in prime power dimensions by
Wootters and Fields [4] was reformulated in many equiv-
alent ways [8,47–49], we choose different implementations
depending on our needs. We use the construction of Ref. [8]
for numerical purposes since it is easy to implement, and
the one of Ref. [48] when it comes to analytical results
taking advantage of the properties of the underlying
algebraic structures [50–52].
Table I presents the solution η of the SDP (5) together
with the upper bound ηup defined in Eq. (9) for low
dimensions d ≤ 7. In some cases (e.g., triplets in dimension
five and quadruplets in dimension seven), two solutions
were obtained depending on the choice of the subset of
MUB. We discuss these inequivalent sets in more
detail below.
Notice that the equality η ¼ ηup holds in a number of
cases (bold font). In particular, when k ¼ 2, k ¼ d, and
k ¼ dþ 1, we prove this tightness analytically by provid-
ing an explicit parent POVM for fAηaj1ga;…; fAη

ajkga. It is
given by the operators
Gj⃗ ¼
Πj⃗ if kSj⃗k∞ ¼ λ
0 otherwise;
ð11Þ
whereΠj⃗ is the projector on the eigenspace of Sj⃗ associated
with the maximum eigenvalue, which is λ in that case.
For k ¼ 2, this was already known [36,37] and the above
parent POVM indeed coincides with the one proposed in
Sec. IV of Ref. [37].
For k ¼ d and k ¼ dþ 1, the proof of validity and
optimality of this parent POVM (11) is more involved and
consists of the following steps. (i) From Sec. I of
Supplemental Material [46] we know that, as soon as Gj⃗
is a parent POVM for noisy MUB, our upper bound is tight.
(ii) We express Gj⃗ as limn→∞G
ðnÞ
j⃗
where GðnÞ
j⃗
¼ ðSj⃗=λÞn.
(iii) We prove the normalization of the GðnÞ
j⃗
, namely,P
j⃗G
ðnÞ
j⃗
∝ 1, from which the normalization of Gj⃗ is set.
(iv) We compute the marginals of GðnÞ
j⃗
. This step is the only
one in which the assumption k ¼ d or k ¼ dþ 1 is used.
The complete proof can be found in Sec. IV of
Supplemental Material [46].
We stress that, although the proof gives a fully analytical
result—in the sense that the noise robustness η is formally
an eigenvalue of a specific operator—actually solving
analytically this eigenvalue problem leads to the resolution
of a polynomial equation whose explicit solution does not
exist in general. Apart from the case of two MUB in any
dimension [37], the cases in which we found such an
explicit form are listed in Sec. III of Supplemental Material
[46]. Additionally, there are special cases in which the
upper bound is also reached. This can be seen numerically
either by comparing the result η of the SDP (5) with the
value of ηup or by checking that the operators defined in
Eq. (11) form a parent POVM for fAηaj1ga;…; fAη

ajkga (see
Sec. III of Supplemental Material [46]).
TABLE I. Noise robustness η of sets of kMUB in dimension d≤7. For each case, we give the exact or approached values of η and the
upper bound ηup. Instances for which the bound is tight, i.e., η¼ηup, are indicated by bold fonts, in particular, k¼2, k¼d, and k¼dþ1.
Moreover, this shows the existence of operationally inequivalent sets of MUB, featuring different values of η. For instance, there are
two inequivalent quadruplets for d¼7, and η¼ηup holds for one of them. For d¼6 only three MUB could be constructed so far, but a
bound could still be derived for k¼4 (see Sec. II of Supplemental Material [46]).
k
d
2 3 4 5 6 7
η¼ηup η¼ηup η ηup η ηup η ηup η ηup
2 1=
ﬃﬃﬃ
2
p
≈0.7071 [(1þ
ﬃﬃﬃ
3
p Þ=4]≈0.6830 23≈0.6667 [(3þ
ﬃﬃﬃ
5
p Þ=8]≈0.6545 [(4þ
ﬃﬃﬃ
6
p
)=10]≈0.6449 [(5þ
ﬃﬃﬃ
7
p
)=12]≈0.6371
3 1=
ﬃﬃﬃ
3
p
≈0.5774 f[cos(π=18)]=
ﬃﬃﬃ
3
p g≈0.5686 0.5469 0.5556
[(1þ
ﬃﬃﬃ
5
p
)=6]≈0.5393
0.5204 0.5254 0.5101 0.5154
f[13−
ﬃﬃﬃ
5
p þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
30(5þ ﬃﬃﬃ5p )
q
]=48g≈0.5312
4 [(1þ3
ﬃﬃﬃ
5
p
)=16≈0.4818 12¼0.5000 0.4615 0.4616 ? ≤0.4550
0.4516
0.4436 0.4488
5 [(3þ2
ﬃﬃﬃ
3
p
)=15]≈0.4309 0.4179 ? 0.4049 0.4120
6 0.3863 ? 0.3754 0.3867
7 ? 0.3685
8 0.3318
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Inequivalent sets of MUB.—When constructing sets of k
MUB in dimension d, there is some freedom. In fact, it is
known that (for certain k and d) there exist sets of MUB
that are inequivalent under unitaries, overall complex
conjugation, and other trivial operations like permutations
or phase shifts [53]. In the following we will simply refer to
such sets as inequivalent.
Here, we go one step further, and show that there are sets
of MUB that are operationally inequivalent, in the sense
that they feature different values of η. For instance, this is
the case for k ¼ 3 and d ¼ 5, where there are two
inequivalent sets (see Table I). From the definition (5), it
is clear that operationally inequivalent sets are necessarily
inequivalent. However, the converse does not hold as
proven, e.g., by pairs of MUB in dimension four [53].
Note that in practice computing η becomes quickly
demanding. Nevertheless we can obtain lower bounds on
the number of sets featuring a different value of the upper
bound ηup. In turn, this gives a lower bound on the number
of inequivalent sets; indeed equivalent sets give the same
ηup [see Eq. (9)]. In Table II we give lower bounds on the
number of inequivalent sets of MUB. Interestingly, inequi-
valent sets seem to become more and more frequent in high
dimension (except when d is a power of two).
Lower bound for MUB.—Here we construct a very
general parent POVM for noisy MUB using only the
mutual unbiasedness (1) of the bases. It is a generalization
of the construction presented in Ref. [37] for two MUB.
Let jχ1
j⃗
i be defined iteratively by jχ1j1i ¼ jφ1j1i, the j1th
vector of the first basis, and
jχ1
j⃗½ki ¼ ð1þ αk
ﬃﬃﬃ
d
p
AjkjkÞjχ1j⃗½k−1i; ð12Þ
where αi are positive coefficients introduced for later
optimization. Now let jχy
j⃗
i be defined similarly but with
basis indices circularly shifted according to y ¼ 1;…; k.
Specifically, jχyj1i ¼ jφ
y
j1
i, the j1th vector of the yth basis,
and, in the exponents of Eq. (12), 1 becomes y, 2 becomes
yþ 1 (modulo k), etc. Now a straightforward iterative
proof shows that
Gj⃗½k ¼
Xk
y¼1
jχy
j⃗½kihχ
y
j⃗½kj ð13Þ
is, up to normalization, a parent POVM for
fAηkaj1ga;…; fAηkajkga, where ηk is defined recursively by
η1 ¼ 1 and
ηk ¼
ð2αk
ﬃﬃﬃ
d
p þ dÞðk − 1Þηk−1 þ ð2αk
ﬃﬃﬃ
d
p þ α2kdÞ
kð2αk
ﬃﬃﬃ
d
p þ ðα2k þ 1ÞdÞ
: ð14Þ
Then we can optimize over the coefficients α2;…; αk to get
the highest possible noise parameter (see Sec. V of
Supplemental Material [46] for details). The best value
achieved is denoted ηlow. Since an explicit parent POVMof k
MUBwith a noise parameter ηlow was constructed, the noise
robustness η is indeed greater than ηlow.While these bounds
are only tight when k ¼ 2 or d ¼ 2, they are straightforward
to compute and quite insightful. For d ≤ 7, its approximated
values are given in Sec. V of Supplemental Material [46].
Implications for EPR steering.—Our results also have
implications for EPR steering, due to the intimate relation
that exists with joint measurability [39–41]. Specifically,
our bounds on η imply bounds on the noise robustness of
certain entangled states for demonstrating steering.
Consider quantum states of the form
ρwψ ¼ wjψihψ j þ ð1 − wÞ1=d ⊗ trAjψihψ j; ð15Þ
where jψi is an arbitrary pure entangled state of dimension
d × d. It is interesting to determine the critical noise
robustness w, i.e., the smallest value of w such that ρw
demonstrates steering from the first party (Alice) to the
second (Bob). In general, w depends on the set of
measurements performed by Alice. In the case she performs
k (noiseless) MUB measurements, we have that w ¼ η,
and hence all our results apply directly. In the general case
where Alice can perform all possible measurements, then
we get the upper bound w ≤ η. We refer to Sec. VI of
Supplemental Material [46] for details.
Conclusion.—We discussed the problem of quantifying
the measurement incompatibility of MUB. We derived
bounds on the noise robustness, which turn out to be tight
in many cases, in particular for the standard construction of
complete sets of k ¼ dþ 1MUB [4]. While our proof does
not apply directly to other constructions of complete sets of
MUB, we nevertheless conjecture that our bound is tight for
any construction. We could check this numerically for
another inequivalent construction in dimension d ¼ 8
[54]. We also provided a general upper bound on the noise
robustness for any set of POVMs. It would be interesting to
see how this bound performs for measurements that are not
TABLE II. Lower bound on the number of inequivalent sets of
MUB. Bold letter fonts indicate operationally inequivalent sets
(different values of η). When k is greater than the number of
MUB constructed in Ref. [4], the cell is left empty. Dimensions
for which no inequivalent sets were found are not presented (e.g.,
dimensions 4, 6, 8, 32).
k
d
5 7 9 11 13 15 16 17 19 20 21 23 25 27 28 29 31
3 2 1 2 1 2 2 1 2 1 2 2 1 2 1 1 2 1
4 1 2 3 2 4 1 1 4 4 1 1 4 3 2 2 6 6
5 1 1 3 2 5 1 8 5 1 6 6 2 1 19 11
6 1 1 3 4 7 1 15 13 22 9 6 67 50
7 1 2 2 10 1 20 18 32 38 9 145 92
8 1 1 2 7 2 23 22 35 ? ? ? ?
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MUB, and whether one could find analytical solutions in
other cases.
We showed the existence of operationally inequivalent
sets of MUB, and provided lower bounds on their number.
We observed that inequivalent sets become more and more
frequent in high dimensions. Whether there exist opera-
tionally inequivalent sets of k ¼ dþ 1 MUB remains a
problem to be addressed.
Finally, our results have direct implications for EPR
steering. An interesting open question is whether complete
sets ofdþ 1MUBare themost robust amongall sets ofdþ 1
measurements, as conjectured in Ref. [44]. In Sec. VII of
Supplemental Material [46], we give further support for this
conjecture by proving it, in particular, for qubit projective
measurements [55]. For general qubit measurements as well
as for higher dimensions, this question is left open.
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